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A fully nonlinear solution for bi-chromatic progressive waves in water of finite depth in the framework of the homotopy analysis method (HAM) is derived. The bi-chromatic wave field is assumed to be obtained by the nonlinear interaction of two monochromatic wave trains that propagate independently in the same direction before encountering. The equations for the mass, momentum, and energy fluxes based on the accurate high-order homotopy series solutions are obtained using a discrete integration and a Fourier series-based fitting. The conservation equations for the mean rates of the mass, momentum, and energy fluxes before and after the interaction of the two nonlinear monochromatic wave trains are proposed to establish the relationship between the steady-state bi-chromatic wave field and the two nonlinear monochromatic wave trains. The parametric analysis on ε 1 and ε 2 , representing the nonlinearity of the bi-chromatic wave field, is performed to obtain a sufficiently small standard deviation S d , which is applied to describe the deviation from the conservation state (S d = 0) in terms of the mean rates of the mass, momentum, and energy fluxes before and after the interaction. It is demonstrated that very small standard deviation from the conservation state can be achieved. After the interaction, the amplitude of the primary wave with a lower circular frequency is found to decrease; while the one with a higher circular frequency is found to increase. Moreover, the highest horizontal velocity of the water particles underneath the largest wave crest, which is obtained by the nonlinear interaction between the two monochromatic waves, is found to be significantly higher than the linear superposition value of the corresponding velocity of the two monochromatic waves. The present study is helpful to enrich and deepen the understanding with insight to steady-state wave-wave interactions. Published by AIP Publishing. [http://dx.doi.org/10.1063/1.4971252]
I. INTRODUCTION
Ocean surface waves are irregular and intuitively viewed as a superposition of many monochromatic wave components of different frequencies and amplitudes. Nonlinear interactions among these wave components are very important to resultant wave properties. During the past several decades, a considerable number of studies have been carried out to analyze nonlinear wave interaction theories. Phillips 1 and Longuet-Higgins 2 initially revealed the resonant phenomenon obtained from nonlinear interactions between two or three wave trains. It was pointed out that, under specific conditions, conspicuous energy transfer occurs from primary waves to a tertiary wave, produced via the third-order interaction. Pierson 3 derived an oscillatory third-order perturbation solution for two and three collinear interacting Stokes waves in deep water. However, Madsen and Fuhrman 8 pointed out that the dispersion relation obtained by Pierson 3 was not based on consistent perturbation principles and thus is incorrect, and they further presented a new third-order solution for bi-chromatic bi-directional water waves in finite depth, extending the second-order in finite depth and third-order in infinite depth theories of steady bi-chromatic waves. Their solution includes explicit expressions for the surface elevation, the amplitude dispersion, and the velocity potential. Dalzell 4 employed symbolic computation to extend the second-order wave-wave interaction theory from deep water to finite water depth. Ohyama et al. 5 obtained a fourth-order solution for nonlinear interactions among multiple directional wave trains by using a Stokes-type expansion method. It was indicated that the third-and fourth-order components may produce isolated large crests in random wave fields. Chen and Zhang 6 studied the interaction between a unidirectional deep-water short-wave train and an intermediate water-depth long wave using a conventional perturbation method and a phase modulation method, respectively. It was revealed that the modulation of the short-wave intrinsic frequency and potential amplitude along the long-wave surface becomes significant as water depth decreases, together with the increasing modulation of the short-wave phase, amplitude, and wave number. Zhang and Chen 7 further derived a general third-order analytical solution for the strong interactions among three collinear free-wave components using a perturbation method, and this solution is regarded as the kernel of third-order collinear irregular wave theory.
Most of the aforementioned studies are based on the perturbation technique due to its solid mathematical foundation on the basis of the asymptotic expansion with respect to some small parameters. As the nonlinearity increases, in order to obtain accurate results, higher-order solutions are required. However, the derivation of the higher-order perturbation solution for nonlinear wave-wave interaction problems can be lengthy and very complex.
Jang and Kwon 9 proposed a fixed point approach to calculate nonlinear monochromatic wave profiles and later Jang et al. 10 apply to evaluate the nonlinear wave profiles of wave-wave interactions in a finite water depth. It is worth noting that the results by Jang et al. 10 do not satisfy the exact kinematic and dynamic free surface boundary conditions and thus fail to capture strongly nonlinear features. To evaluate the strongly nonlinear characteristics of wave-wave interaction, Lin et al.
11
investigated fully nonlinear bi-chromatic unidirectional waves propagating in deep water using the so-called homotopy analysis method (HAM). The particular advantage of HAM is that it is independent of small parameters and suitable to solve strongly nonlinear problems. Other advantages associated with HAM include a greater flexibility in the selection of a proper set of base functions for the solution and a simple way in the control of the convergence rate and region of solution series. 12 HAM was first applied to monochromatic, progressive waves in deep water by Liao and Cheung. 13 Later, Tao et al. 14 successfully extended Liao and Cheung 13 to waters of finite depth. More recently, Liao 15 proposed a multiple-variable technique to investigate steady-state resonant progressive waves in deep water in the framework of HAM. It is demonstrated that there exist multiple resonant waves, and that the amplitudes of resonant wave may be much smaller than those of primary waves thus the resonant waves sometimes contain fairly small part of wave energy. Xu et al. 16 further confirmed the existence of steady-state resonant progressive waves in finite water depth by means of HAM and obtained qualitatively identical conclusion using the Zakharov equation. Liu and Liao 17 extended the existing results of Liao 15 and Xu et al. 16 on steady-state resonance from a single special quartet to more general and coupled resonant quartets, as well as a resonant sextet. The aforementioned studies on steady-state wave resonance are based on the assumption that all of the wave amplitudes, wave numbers, and wave frequencies are independent of time in the wave system. To date, however, whether or not HAM can be applied to address the unsteady-state wave resonance involving complicated issues, which can account for the wave instability phenomena 18 (e.g., modulational instability, also known as Benjamin-Feir instability), deserves further investigation.
Most of the aforementioned studies were focused on the resultant wave field produced by the interaction between two or multiple progressive wave components. The relationship between the resultant wave field and the monochromatic progressive waves before the interaction has not yet been discussed. Neglecting viscous dissipation, Baddour and Song 19, 20 introduced conservation equations for the mean rates of the mass, momentum, and energy fluxes before and after the interaction between collinear current-free monochromatic waves and a wave-free current based on a perturbation method. Zaman and Baddour 21 further extended the work by Baddour and Song 19, 20 to a three-dimensional flow frame. However, the interaction of two nonlinear monochromatic progressive wave components which propagate independently before encountering, in terms of the conservation equations for the mass, momentum, and energy fluxes, has not been considered. In this paper, by including constant water depth in the solution procedure, the present study extends the work of Lin et al. 11 from infinite water depth to finite water depth. Furthermore, based on the assumption that the steady-state bi-chromatic wave system can be obtained by the interaction of two nonlinear monochromatic progressive wave trains which propagate independently in the same direction before encountering, the present study aims to establish the relationship between the steady bi-chromatic wave field and the two nonlinear monochromatic progressive wave trains, in terms of the conservation equations for the mean rates of the mass, momentum, and energy fluxes before and after the interaction, respectively.
The present paper is organized as follows. The mathematical description of the bi-chromatic wave field is given in Sec. II following the Introduction. The definitions of the equations for the mass, momentum, and energy fluxes are introduced in Sec. III. The conservation equations for the wave-wave interaction are presented in Sec. IV. The detailed results on the parametric analysis for the standard deviation from the conservation state (S d = 0), as well as the characteristics of the bi-chromatic wave field with sufficiently small values for S d , which is defined to describe the deviation from the conservation state before and after interaction, are discussed in Sec. V. Finally, conclusions are given, with the detailed solution procedure based on HAM in the Appendix.
II. MATHEMATICAL DESCRIPTION OF THE BI-CHROMATIC WAVE FIELD
A. Basic equations Fig. 1 shows the definition sketch for a steady-state bi-chromatic wave field which is assumed to be produced by the interaction of two nonlinear, monochromatic, progressive wave components that propagate independently in the same direction before interacting. A Cartesian coordinate system (x, z) is adopted where the x-axis is positive in the direction of wave propagation, and the z-axis is positive vertically upwards from the still water level as shown in Fig. 1 . It is assumed that the nonlinear monochromatic wave train with a higher phase velocity will catch up to and interact thoroughly with the one with a lower phase velocity, yielding the steady-state bi-chromatic wave FIG. 1. Definition sketch for a steady-state bi-chromatic wave field.
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Liu, Lin, and Tao Phys. Fluids 28, 127104 (2016) field. For the bi-chromatic wave field, the fluid considered is inviscid and incompressible, and the flow is assumed to be irrotational. The quantities ϕ (x, z,t) and ζ (x,t) are defined as the velocity potential and the wave elevation, respectively. The fluid motion described by the velocity potential ϕ is governed by the Laplace equation,
and subject to two nonlinear free surface conditions,
and the following condition at the bottom:
where ∇ = (∂/∂ x, ∂/∂z), t denotes time, g is the gravitational acceleration, and d is the water depth. Since gravity capillary waves caused by surface tension are quite small compared to their wavelengths, the effect of surface tension is neglected. Combining Eqs. (2) and (3), the free surface boundary condition becomes
B. Multiple-variable transformation
The frequencies and wave numbers of the primary waves of the bi-chromatic wave field are defined by ω i and k i (i = 1, 2), respectively. It is convenient to define the phase functions,
where Φ i (i = 1, 2) denotes an arbitrary, constant phase for zero time at the origin of the x − z coordinate system. Whilst k 1 ω 2 k 2 ω 1 , the above two variables can be applied to replace the variables x and t, and then the time t will not appear explicitly for a steady-state wave system. Thus, the potential function and wave elevation for the steady-state bi-chromatic wave field can be expressed as ϕ(x, z,t) = φ(θ 1 , θ 2 , z) and ζ (x,t) = η(θ 1 , θ 2 ), respectively. With these definitions, the governing equation becomeŝ
which is subject to the bottom boundary condition,
and the nonlinear free surface conditions, 
Due to the nonlinear interaction, the wave elevation should be in the form
and the corresponding potential function should be in the form
where
and a m, n , b m, n are constants to be determined. It should be noted that (15) automatically satisfies the governing Eq. (8) and the bottom boundary condition (9).
C. Solution procedures
As a first step to consider the nonlinear effects on the steady-state bi-chromatic waves in finite water depth, it is assumed that the nonlinear dispersion relation in the wave system can be described
, where ε i is a parameter slightly larger than 1, representing the nonlinearity of the wave system. As long as ε i , ω i , and d are given, k i can be easily obtained by the nonlinear dispersion relation. Once ω i , k i , and d are known, it is not difficult to obtain a m, n and b m, n by HAM.
Lin et al. 11 successfully applied HAM to obtain a high-order series solution for deep-water bi-chromatic progressive waves. The effectiveness of HAM for wave-wave interaction was validated by Lin et al. 11 by comparing the HAM solutions for the wave profile and water particle velocity with those obtained based on the perturbation technique. For the sake of simplicity, a brief description of the solution procedure in the framework of HAM is provided in the Appendix. It is worth noting that the HAM solution procedure for each nonlinear monochromatic wave train is similar to that for the bi-chromatic waves, and the detailed HAM solution procedure for monochromatic, progressive waves can also be found in the works of Liao and Cheung 13 and Tao et al.
14

D. Validation of the analytical model
The present series solution for bi-chromatic progressive waves in finite water depth is validated by comparison to experimental data of Ma et al. 22 Table I shows the parameters of the bi-chromatic wave cases in the experiments of Ma et al. 22 and corresponding results obtained by HAM. As shown in Table I Experimental (Ma et al. 22 ) and HAM Experimental (Ma et al. 22 ) HAM Case 8 It is demonstrated that, for the bi-chromatic waves with identical amplitude (a 1,0 = a 0,1 ) of the two primary wave components and different wave numbers (k 1 , k 2 ) = (0.3, 0.4), the HAM solutions agree well with the perturbation results when k 1 a 1,0 < 0.045 (or k 2 a 0,1 < 0.06) and exhibit a relatively evident misalignment with the perturbation results when k 1 a 1,0 > 0.045. In this paper, to further validate the effectiveness of the present series solution, the nonlinear amplitude dispersions for interacting bi-chromatic unidirectional waves in finite water depth by HAM are compared to those by Madsen and Fuhrman. 8 Table II shows the parameters for the study of nonlinear amplitude dispersion. The wave numbers of each case of Table II water depths of the two primary wave components are k 1 d = 2 and k 2 d = 2.86, respectively, corresponding to intermediate water depth conditions. As shown in Table II , the values for the relative nonlinear frequencies ω 1 /ω 1 and ω 2 /ω 2 obtained by HAM agree well with the 3rd-order perturbation results from cases A1 to A5 and have relatively large discrepancies from cases A6 to A10.
To clearly see the tendency of the nonlinear amplitude dispersion, ω 1 /ω 1 and ω 2 /ω 2 are plotted against a 1,0 and a 0,1 in Fig. 3 , respectively. It can be evidently seen that the present HAM solution appears to be different with the perturbation results starting from case A6 (a 1,0 = 0.202 365, a 0,1 = 0.422 56). The total averaged residual square error for cases A6-A10 reaches at least the order of magnitude of 10 −5 , indicating that the present HAM solutions are highly accurate. To further demonstrate the convergence of the HAM solution, Fig. 4 
III. DEFINITION OF MASS, MOMENTUM, AND ENERGY FLUX EQUATIONS
Similar to the flux equations in Whitham, 23 the mean rates of the mass, momentum, and energy fluxes across a vertical section fixed in the bi-chromatic wave field, denoted by Q BW , M BW , and E BW respectively, can be written as
where ρ denotes density of water, and P is the total pressure which can be determined by the Bernoulli equation for the wave field as
Different from the method for computing the integral quantities of the mass, momentum, and energy fluxes by means of low-order perturbation approximations by Whitham, 23 Baddour and Song, 19, 20 and Zaman and Baddour, 21 the accurate high-order homotopy series solutions for the pressure, water particle velocity, and free surface elevation are employed to calculate the corresponding integrations for the present bi-chromatic wave cases, i.e., Q BW , M BW , and E BW . Due to the complex integrands and integral upper limit incorporating the variables x and t, it is difficult to obtain these integral quantities by direct integrating. Thus, the phase function to instead of x and t in the integrands and integral upper limit to carry out the discrete integration as illustrated below. Then, the obtained discrete integral data points are fitted using the double Fourier series. The functions obtained by fitting can be deemed as the corresponding integral expressions for the mass, momentum, and energy fluxes, respectively. The discrete integration can be described as
where η i, j = η(θ 1 , θ 2 ) θ 1 =i∆θ 1 ,θ 2 = j∆θ 2 , i = 0, 1, . . . , I, j = 0, 1, . . . , J, I and J are the numbers of the discrete points, ∆θ 1 = 4π/I and ∆θ 2 = 4π/J. In the present work, the discrete integrations are calculated with I = J = 20 to obtain sufficient integral data points for the subsequent fitting. It is worth noting that all the integral quantity expressions for each nonlinear monochromatic wave field based on the HAM solution are similar to those for the bi-chromatic wave field.
To illustrate the calculation and fitting procedure for the discrete integration, consider the bi-chromatic wave case with ε 1 = ε 2 = 1.008. As shown in Figs obtain the continuous functions for the mass, momentum, and energy fluxes, which are represented by F Q (θ 1 , θ 2 ), F M (θ 1 , θ 2 ), and F E (θ 1 , θ 2 ), respectively. Taking N = 4, the Fourier coefficients f h,l for the fitted functions for the mass, momentum, and energy fluxes of the bi-chromatic wave case with ε 1 = ε 2 = 1.008 were obtained, and shown in Tables III-V, respectively. As clearly shown in Figs. 5(a)-5(c), the curves for the fitted functions agree well with the discrete integral value points, indicating that the corresponding integral quantities can be represented by the fitted functions based on the double Fourier series. Thus, the mean rates of the mass, momentum, and energy fluxes across a vertical section fixed in the bi-chromatic wave field can be obtained as
IV. CONSERVATION EQUATIONS
Baddour and Song 19, 20 proposed the conservation equations based on linear and the secondorder perturbation solutions in terms of the mean rates of the mass, momentum, and energy fluxes of a 2D current-free wave field, a wave-free uniform current field, and a coexisting wave-current field. In their work, the wavelength, wave height, current velocity, and water depth in the combined wave-current field were obtained based on the conservation equations for the mean rates of the mass, momentum, and energy fluxes. Zaman and Baddour 21 further extended the work of Baddour and Song 19, 20 to a 3D wave-current field in the framework of linear wave theory. Without loss of generality, consider two 2D, weakly nonlinear, monochromatic wave trains propagating independently in the same direction before encountering. Table VI presents the parameters of the two nonlinear monochromatic wave trains, i.e., cases W1 and W2, respectively, where monochromatic wave cases in the paper are indeed weakly nonlinear. This is due to the assumption that the bi-chromatic wave system is obtained by the nonlinear interaction of the two monochromatic wave trains with wave frequencies and water depth unchanged. However, the interaction of these two weakly nonlinear monochromatic wave cases leads to a sufficiently strong nonlinear bi-chromatic wave system at a higher conservation level of mass, momentum, and energy fluxes, as discussed in the following. In fact, Liao and Cheung 13 and Tao et al. 14 presented accurate HAM solutions for strongly nonlinear, monochromatic progressive waves in deep and finite water depth, respectively, in which the maximum wave steepness (H/L) is close to the limiting wave steepness (0.142 tanh kd). All the HAM solutions for cases W1 and W2 are obtained with a total averaged residual error at least 10 −6 , which is defined in the Appendix and used to describe the accuracy of the homotopy series solution. Fig. 6 shows the wave profiles for cases W1 and W2 at t = 0. Fig. 7 shows the comparison of the discrete integral value points and the fitted function curves for the mass, momentum, and energy fluxes for cases W1 and W2, respectively. It is clearly seen that the curves for the fitted functions agree well with the corresponding discrete integral value points. By means of the obtained fitted functions, the mean rates of the mass, momentum, and energy fluxes across a fixed section, which are denoted by Q 
It is noted that the approximate solutions for the conservation equations of the mass, momentum, and energy fluxes were obtained by Baddour and Song 19, 20 based on the low-order perturbation solutions for the current-free wave field and combined wave-current field. Due to the nonlinear feature of the interaction process, it is difficult to obtain the exact solutions for the bi-chromatic wave field, which is obtained via the interaction of the two nonlinear monochromatic wave trains, by solving the conservation Eqs. (27)-(29). Thus, in this study, the standard deviation
is defined to illustrate the deviation from the conservation state (S d = 0) of the mean rates of the mass, momentum, and energy fluxes before and after the interaction of the two nonlinear monochromatic wave trains, where
Using the standard deviation S d , it is not difficult to obtain a state evaluating the deviation from the conservation state after the interaction of the two monochromatic wave trains.
V. RESULTS AND DISCUSSION
A. Analyses based on ε 1 = ε 2
It is assumed that the nonlinear monochromatic wave case W1 with a higher phase velocity (4.96 m/s) will catch up to the case W2 with a lower phase velocity (4.44 m/s) and interact thoroughly, which results in the formation of a steady-state bi-chromatic wave field. The frequencies of the primary waves and water depth are assumed to be invariant before and after the interaction. As abovementioned, it is quite difficult to obtain the exact solutions for the conservation equations due to the nonlinear feature. The practice of this paper is to search the solutions for the conservation equations, which are applied to assess the deviation S d from the conservation state (S d = 0). First, TABLE VIII. The bi-chromatic wave parameters in the case of ε 1 = ε 2 (d = 20 m). a set of ε 1 (=ε 2 ) for the bi-chromatic wave field is utilized to investigate the deviation from the conservation state by means of the standard deviation S d . Table VIII shows the bi-chromatic wave parameters for the conservation study. For the bi-chromatic wave field, for simplicity, it is easy to assume that ε 1 = ε 2 with the same value (1.002) as that of the nonlinear monochromatic wave fields. As shown in Table VIII , for ε 1 = ε 2 = 1.002, S d = 0.555 can be obtained based on the HAM solutions. However, for ε 1 = ε 2 = 1.001, S d tends to approach a much higher value (0.682). This indicates that a smaller value for ε 1 (=ε 2 ) leads to a larger discrepancy between the mean rates of the mass, momentum, and energy fluxes before and after the interaction. For ε 1 (=ε 2 ) from 1.003 to 1.01 with an increment of 0.001, S d approaches a relatively smaller value (0.013) at ε 1 = ε 2 = 1.008, indicating that the case (ε 1 = ε 2 = 1.008) is much closer to the conservation state of the mass, momentum, and energy fluxes than other cases in Table VIII . Fig. 8 shows the wave profile comparison for the cases BW with ε 1 = ε 2 = 1.006, 1.008, and 1.01 at t = 0. It can be clearly seen that the largest wave crest at x = 0 becomes higher and higher as ε 1 (=ε 2 ) increases, whilst the largest wave trough next to x = 0 becomes lower and lower. This means that the largest wave height in the wave profile tends to increase notably as ε 1 increases, although the increment in ε 1 is very small. However, the profiles of the wave crest and trough around x = 30 m appear to be invariant.
To investigate the frequency content of the bi-chromatic wave system, the time series of the wave elevation obtained from the HAM solutions are analyzed by FFT. Figs. 9(a)-9(c) show the amplitude spectra of the bi-chromatic wave system with ε 1 = ε 2 = 1.006, 1.008, and 1.01. As shown in Figs. 9(a)-9(c), two dominant large amplitudes (at f 1 ≈ 0.314 367 Hz and f 2 ≈ 0.352 342 Hz) can be clearly seen and high-order nonlinear components of each bi-chromatic wave case are rather prominent. As ε 1 (=ε 2 ) increases from 1.006 to 1.01, the nonlinearity becomes stronger and stronger and some higher-order wave components, e.g., the third order (3 f 1 , 3 f 2 , etc.), become increasingly significant. Table IX presents first order to the third order of the cases BW with ε 1 = ε 2 = 1.006, 1.008, and 1.01, respectively. It can be clearly observed that the amplitudes of the wave components from the first order to the third order between these cases have remarkable difference. For example, the value for a( f 1 ) in the case of ε 1 = ε 2 = 1.008 (S d = 0.013) is 0.113 925 m which is 7.5% greater than 0.105 687 m in the case of ε 1 = ε 2 = 1.006 (S d = 0.140), and 6.1% less than 0.120 801 m in the case of ε 1 = ε 2 = 1.01 (S d = 0.157). In fact, these different amplitudes indeed lead to the difference of the mean rates of the mass, momentum, and energy fluxes between these three cases, which can be assessed by the standard deviation (S d ) values from the conservation state.
B. Analyses based on ε 1 ε 2
As shown in Table VIII , it can be seen that S d approaches a relatively smaller value (0.013) in the case of ε 1 = ε 2 = 1.008, which represents that the case (ε 1 = ε 2 = 1.008) is much closer to the conservation state (S d = 0) of the mean rates of the mass, momentum, and energy fluxes before and after the interaction than other cases in Table VIII . Obviously, the above analysis is based on the assumption that ε 1 is equal to ε 2 for the steady-state bi-chromatic wave field after the interaction. However, it is essential to consider ε 1 ε 2 for the bi-chromatic wave field. Table VIII which are based on the assumption that ε 1 = ε 2 , e.g., there is a slight difference (0.004) for S d in the case of ε 1 = ε 2 = 1.008 and ε 1 = 1.007, ε 2 = 1.008. It is worth noting that all the values for S d presented in Table X are calculated based on the HAM solutions with a total averaged residual error at least 10
for each steady wave field. Table XI further presents the values for S d for the matrix of ε 1 and ε 2 around ε 1 = 1.007 and ε 2 = 1.008 with a smaller increment of 0.0005. As shown in Table XI, similar to the tendency in  Table X , the minimum values for S d in each row arise in the column with ε 2 = 1.008. It is clear that compared to the case of ε 1 = 1.007 and ε 2 = 1.008, a smaller value (0.007) for S d can be obtained when ε 1 = 1.0065 and ε 2 = 1.008. This indicates that it is possible to obtain much smaller values for S d by subdividing around ε 1 = 1.007 and ε 2 = 1.008 with a smaller increment. However, in this paper, the case BW with ε 1 = 1.0065, ε 2 = 1.008, and S d = 0.007 is supposed to be highly close to the conservation state, thus it is not essential to seek smaller values for S d . Fig. 10 shows the wave profiles at t = 0 for the cases BW with ε 1 = 1.0065, ε 2 = 1.008, ε 1 = 1.007, ε 2 = 1.008, and ε 1 = ε 2 = 1.008. In contrast to the characteristics in Fig. 8 , it can be seen in Fig. 10 that for the three bi-chromatic wave cases, no significant difference exists for the profile of the largest wave crest at x = 0 and wave trough next to x = 0, whilst slight difference arises between the wave crest and wave trough around x = 30. This indicates that the slight difference for S d between the three bi-chromatic wave cases does not lead to remarkable influence on the wave profile. Fig. 11 shows the amplitude spectra of the bi-chromatic wave cases BW with ε 1 = 1.0065, ε 2 = 1.008 and ε 1 = 1.007, ε 2 = 1.008. It is seen again that high-order nonlinear wave components are quite evident. It is also noted that for the case BW with ε 1 = 1.007, ε 2 = 1.008, the amplitude of the primary wave f 2 appears to be slightly greater than that of the primary wave f 1 ; whilst for the case BW with ε 1 = 1.0065, ε 2 = 1.008, the amplitude of the primary wave f 2 appears to be identical to that of the primary wave f 1 . To further see the amplitudes of various order wave components, the amplitudes of the wave components from the first order to the third order of the cases BW with ε 1 = 1.007, ε 2 = 1.008 and ε 1 = 1.0065, ε 2 = 1.008 are also presented in Table IX . It is observed in Table IX that the amplitudes of various order wave components of the cases BW with ε 1 = ε 2 = 1.008, ε 1 = 1.007, ε 2 = 1.008 and ε 1 = 1.0065, ε 2 = 1.008 appear to be evidently different. It is these differences that produce the discrepancy of the mean rates of the mass, momentum, and energy fluxes between these three cases. On the other hand, for the case BW with ε 1 = 1.0065 and ε 2 = 1.008, which leads to a smaller value (0.007) for S d , the ratio of the primary wave amplitudes (a( f 1 )/a( f 2 ) ≈ 1.002) tends to approach 1 compared to the cases BW with ε 1 = 1.007, ε 2 = 1.008 (a( f 1 )/a( f 2 ) ≈ 0.895), and ε 1 = ε 2 = 1.008 (a( f 1 )/a( f 2 ) ≈ 0.735). This means that the energy of the primary waves tends to balance each other for the case BW which is much closer to the conservation state after the interaction. Fig. 12 shows the amplitudes of the primary waves of the monochromatic wave cases W1, W2, as well as the bi-chromatic wave case BW with ε 1 = 1.0065 and ε 2 = 1.008. As shown in Fig. 12 wave with a lower frequency tends to decrease; while the one with a higher frequency tends to increase in terms of S d = 0.007 of the mean rates of the mass, momentum, and energy fluxes before and after the interaction. This demonstrates the energy transfer from the primary wave with a lower frequency to that with a higher frequency during the interaction. Fig. 13 shows the horizontal velocity profiles underneath the wave crest and wave trough for the monochromatic wave cases W1, W2, and the bi-chromatic wave case with ε 1 = 1.0065 and ε 2 = 1.008 which is much closer to the conservation state. The profiles of the linear superposition of the velocity profiles for cases W1 and W2 are also presented in Fig. 13 . As shown in Fig. 13 , for the bi-chromatic wave case, the largest horizontal velocity of the water particle on the largest wave trough (next to x = 0) is approximately 0.55 m/s which is almost identical to the linear superposition value (0.552 m/s) of the largest horizontal velocities on the wave trough of the two monochromatic wave cases W1 and W2; whilst the largest horizontal velocity of the water particle on the largest wave crest (at x = 0) of the bi-chromatic wave case is approximately 0.898 m/s which is 1.43 times the linear superposition value (0.627 m/s) of the largest horizontal velocities on the wave crest of the two monochromatic wave cases W1 and W2. It is also noted that for the case BW with ε 1 = 1.0065, ε 2 = 1.008, and the linear superposition of cases W1 and W2, the differences between the velocity profiles under the wave crests (∆u) gradually diminish as water depth deepens and tend to coincide with each other when the depth is deeper than −d/5 (i.e., −4 m); while the velocity profiles under the wave trough appear to coincide along the whole water depth. This evidently indicates that the nonlinear interaction between the two monochromatic waves leads to significant increases in the horizontal velocity of the water particles under the largest wave crest compared to the corresponding linear superposition values, especially close to the free surface.
VI. CONCLUSIONS
Nonlinear progressive bi-chromatic waves in water of finite depth are studied by using the homotopy analysis method. The equations for the mass, momentum, and energy fluxes based on accurate high-order homotopy series solutions are derived using the discrete integrations and Fourier series-based fittings. The relationship between the steady-state bi-chromatic wave field and the two nonlinear monochromatic wave trains is established in terms of the conservation equations for the mean rates of the mass, momentum, and energy fluxes before and after the interaction. The parametric analysis on ε 1 and ε 2 of the bi-chromatic wave field is performed to obtain sufficiently small values for the standard deviation S d , which is applied to describe the deviation from the
